Definite integrals

Let f be a function defined on the interval [a; b]. We divide the interval [a; b] into

n subintervals of equal length Az = (b — a)/n:
Aa=To<T1 <X3< ... < Tj_1 < T; < oo. < Tpp1 < T, =b.

Then we choose arbitrary points ¢; from each subintervals [x; i;2;] and find their

values f(¢;). Next we construct the sum:
Sp=fler) - Azt flea) - Az + .+ flen) - Az =D f(e;) - Au.
i=1

This sum is called the Riemann integral sum.
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Figure 1

Theorem 1 If f is continuous function on |a;b|, then there exists the limit of the

Riemann integral sums when n — oo.

Definition 1 Let f be a continuous function on |a;b]. The limit of the Riemann

integral sums when n — 00 is called the definite integral of f from a to b, denoted

f f(z)dz. Thus,

b n
/f(x)dx = nh_)n(r}OZf(cZ) Az,
J i=1

Here a and b are the lower and upper limits of integration, respectively.



Obviously, the definite integral has the following geometric interpretation: it
represents the sum of the areas between the graph of f and the x-axis from a to b,
where the areas above the x-axis are counted positively and the areas below z-axis
are counted negatively (Figure 1).

Properties of definite integrals

L. ff(ac)dx = 0;

b b
2. [kf(x)dz =k [ f(x)dx, where k is a constant;
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(f(a) % g(2)) dr = [ f(a)dz = | gx)de:

a
c b

f(z)dz = [ f(z)dz + [ f(x)dz, where a < ¢ < b.
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Fundamental theorem of calculus

Theorem 2 If f is a continuous function on [a;b], and F(z) is an antiderivative

of f, then
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Example 1 Evaluate the integral [ z*dx.
!

Solution 1

Integration by substitution for definite integrals
We have already discussed the substitution technique for indefinite integral. The
same formula can be used for definite integral, but here we also substitute the lower

and upper bounds a and b by « and 3, respectively, where g(«) = a and g(5) = b.
Thus,
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Example 2 FEuvaluate the integral [ do

zlnz”

Solution 2 Lett =Inz, then dt = d(Inz) = %da:. Moreover, from the old lower and

2

upper bounds x = e and x = e°, we can respectively find new lower and upper bounds

t=Ine=1 andt=1ne® = 2. Replace the results into the substitution formula:

e? e? 2
d 1 1 1
/ x — _._dx:/—dt:ln|t| |%:ln2—1n1:1n2.
zlnzx Inz =z t
e e 1

Average value
We know the formula that allows to calculate the average of a finite number n
of values aq, ao, ..., a, that is

ai+as + ... +ay
o .

Average =

How can we find the average of a continuous function over some interval [a;b] with
infinitely many values? Let us choose n numbers of values of f: f(c1), f(c2), ...,

f(en), where a < ¢; < ¢3 < ... < ¢, < b. Then their average can be calculated by

Average — T F(e2) + o+ flen)
n

Multiply the formula by Z:—Z
b—a Fle) + Flea) oot Flen)

—a n

LT e+ fe) ot o).
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We remember that b_T“ = Ax, then

Average =

Average = ﬁ “Az(fer) + fle2) + ...+ flen))

B 1
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Infinitely many values over the interval means that n — oo. Thus,

(f(c1)Ax + f(co)Ax + ... + f(ep)Az) .

L lim (f(e)Az + f(c2) AT+ . + f(en)A)

— Q Nn—0

(Average of f over [a;b]) =




Definition 2 Average value of a continuous function f over [a;b] is given by the

formula

(Average of f over [a; b)) /f

Example 3 Find the average value of f(z) = xglﬂ over [1; 3].

Solution 3
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:§(1n3—1n1—1n4+1n2):

In =



